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Leaky waves and the production of sound by
turbulent flow from an elastic nozzle

By M. S. HoOwE

Boston Uniwversity, College of Engineering, 110 Cummington Street,
Boston, MA 02215, USA
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An analysis is made of the sound generated by axisymmetric multipole source distri-
butions interacting with the open end of a coaxial nozzle modeled by a semi-infinite
circular elastic duct. The influence of surface compliance is important at frequencies
below the coincidence frequency w. of bending waves on a plate of the same thickness
as the duct wall. At frequencies between the ring frequency of the duct, wgr, and w,
the intensity of the sound scattered from the open end is reduced relative to that
produced by the same source when the duct is rigid. At lower frequencies, scattering
is dominated by sound launched by leaky extensional waves of the duct, such that
the intensity of the radiation exceeds that from a rigid duct by a factor of order
1/(koa)? > 1, where ko and a are, respectively, the acoustic wavenumber and duct
radius. The leaky waves propagate supersonically relative to the fluid and cause the
radiation directivity to be sharply peaked in an upstream direction determined by
the ratio of the sound speed in the fluid and the leaky wave phase velocity. Applica-
tion of the theory is made to determine the axisymmetric component of the sound
produced by low Mach number turbulent flow from the nozzle. Structural compliance
would normally be expected to reduce the direct radiation produced by an adjacent
turbulent flow, and this is confirmed in the present case at source frequencies be-
tween wg, and w.. At lower frequencies, however, the effect is offset by the greater
efficiency of leaky wave generation. The net result is that the overall acoustic spec-
tral levels are similar to those for a rigid nozzle, but the directivity is significantly
different. Subsonically propagating flexural waves are also generated at the nozzle
with an efficiency which, in the case of a steel nozzle in water, exceeds that of sound
production via the leaky waves by 30-40 dB at low frequencies. Their influence in
the fluid decays rapidly with distance from the nozzle axis, but they may, in practice,
make a significant contribution to the flow-generated sound if they are scattered at
structural discontinuities upstream of the nozzle exit. The results are illustrated by
numerical predictions for a steel nozzle in water. An appendix contains a derivation
of a new formula for the sound power radiated by a leaky wave.
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S5N @) a radius of cylindrical shell

T ®) Gin coefficients in (3.2)
A Koa

e An constants defined in (2.23)
B bending stiffness
bin see (3.3)
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see (2.28)

thin-plate extensional wave speed

speed of sound in the fluid

see (3.6)

see (2.28)

dispersion function (2.13) in absence of fluid loading
dispersion function, see (2.13) '
see (4.11)

Young’s modulus of material of shell

see (2.19)

see (2.14)

see (2.30)

acoustic pressure Green’s function

free space acoustic pressure Green’s function (2.2)
thickness of shell

wavenumber

in vacuo bending wavenumber (mw?/B)
rin/ Ko

Ks / K 0

source length scale

transverse correlation length, (5.9)
mass per unit surface area of shell
Mach number

convection Mach number, ~ 0.7M
see (3.6)

see (3.6)

time-reduced pressure

blocked pressure

incident wave pressure, see (2.3)
source pressure

scattered pressure

aerodynamic sound pressure

see (2.20)

OP(\) /O

blocked pressure wavenumber—frequency spectrum
radial coordinate of cylindrical coordinate system
ring source radius

ring source radius

ring source distance from lip (see figure 2)
see (2.30)

see (2.30)

mean flow speed

convection velocity, ~ 0.7U

friction velocity

see (2.20)

see (2.24)

see (3.14)

axial coordinate

ring source abscissa

Koz

see (2.25)

T(\Ko)

function defined in (2.11)

multipole differential operator

1/4

co/c
see (5.14)
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Leaky waves and sound production 3
(k) (i — k)12
é boundary layer thickness
s displacement thickness, ~ £6
€ fluid loading parameter, see (1.2), (2.16)
n time-reduced complex axial displacement of shell
¢ time-reduced complex radial displacement of shell
&1 see (2.12)
Co see (2.12)
0 radiation direction (see figure 2)

e ring source angle (see figure 2)
oL leaky wave radiation direction, arccos(— Re{ky/ko})
9 arccos|—acoo{12/(1 — o*)}1/4]
K wavenumber
Ko acoustic wavenumber, w/co
KR Re{r,}
K1 Im{k,}
Kn complex extensional wavenumber on fluid loaded shell
Ks subsonic structural wavenumber
A k/Ko
Aj zero of P()) in upper half-plane or on positive real axis
A k/Ko
7 (w/we)!/?
1A acoustic power
IIao see (4.15)
1, leaky wave power
1y rigid nozzle acoustic power
I subsonic structural wave power
[ acoustic directivity (4.8)
[ wall pressure frequency spectrum
acoustic pressure spectrum
¥y rigid nozzle acoustic pressure spectrum
o Poisson’s ratio
o2 2¢/p
Po mean fluid density
Ps density of material of shell
w radian frequency
We coincidence frequency
WR ring frequency, c/a

1. Introduction

The high-frequency components of the sound produced by a low Mach number tur-
bulent jet tend to be associated primarily with aerodynamic sources near the jet
nozzle (see Lilley 1991; Powell 1977a, b; Ribner 1981, and references cited therein).
To make quantitative estimates of the radiation from these sources, it is necessary
to include contributions from the unsteady forces exerted on the nozzle by the flow,
which are equivalent to dipole sources of sound (Crighton 1991). This can be done
explicitly, by first calculating the dipole source strengths, or implicitly by making
use of an aeroacoustic Green’s function tailored to the appropriate boundary condi-
tions on the nozzle (see, for example, Amiet 1975, 1976, 1986; Cannell 1975, 1976;
Cannell & Ffowcs Williams 1973; Crighton 1972a, b, 1975; Crighton & Leppington
1970, 1971; Ffowcs Williams & Hall 1970; Goldstein 1974; Howe 1975; Kambe et al.
1985; Leppington 1971).

Most previous work is concerned with sharp-edged solid boundaries that can be re-

Phil. Trans. R. Soc. Lond. A (1996)
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4 M. S. Howe

garded as rigid as far as the production of sound is concerned. Crighton & Leppington
(1970), however, have examined the influence of surface compliance for turbulence
sources near the edge of a thin elastic plate. They considered the approximation
in which the plate is ‘locally reacting’, which is applicable provided the turbulence
length scale is large relative to the wavelength of bending waves also excited by the
flow, and occurs when the frequency w < M?2w,., where M is the characteristic tur-
bulence Mach number and w, is the coincidence frequency (above which the phase
velocity of bending waves on the plate in vacuo exceeds the speed of sound; see
Cremer, et al. 1988). For a ‘limp’ plate, the order of magnitude of the ratio II, /Iy
of the acoustic power II5 to the corresponding power I generated by the same flow
near a rigid edge, was found to be given by
& (w/we)

w
= — M?2. 1.1
A - o < (1.1)

In this expression, ¢ is a fluid loading parameter defined by

€ = pPoCo/Mwe, (1.2)

where pg, cg are, respectively, the fluid density and sound speed, and m is the mass
per unit area of the plate (Nayak 1970; Crighton 1988). The estimate (1.1) is valid
only for large fluid loading, which occurs typically in underwater applications. For
a steel plate in water, for example, ¢ ~ 0.135 and M does not exceed about 0.01;
equation (1.1) then indicates that surface compliance greatly reduces the intensity
of the sound generated at the edge at very low frequencies. This may be contrasted
with the situation in air, where the fluid loading is small (¢ = 0.00073 for steel),
and the influence of surface compliance on the production of sound is usually negli-
gible, except possibly at high Mach numbers (Maestrello et al. 1992). In the higher
frequency range, M? < w/w. < €%, which occurs when the turbulence scale is small
compared to the bending wavelength, Howe (1993a) has shown that (1.1) becomes

Oy /Iy ~ e(w/¢we) " < 1,

provided the edge of the plate can vibrate freely. More general numerical results
given by Howe (1993b) indicate that, when fluid loading is large, and at frequencies
smaller than the coincidence frequency, the sound radiated directly from the edge is
significantly reduced relative to that produced by an identical flow over a rigid edge.

The edge interactions also generate subsonically propagating flexural waves in the
plate, that do not radiate energy into the fluid. The flexural wave power is often
large, and can exceed the total sound power generated at the edge by 20-40 dB at
frequencies w < w. (and exceed the power radiated by the same flow over a rigid
edge by 10-20 dB). This suggests that in many practical problems involving high
fluid loading, the dominant effective source of sound attributable to a turbulent edge
flow may not be the edge, but one or more remote locations where the structure is
inhomogeneous or discontinuous and at which structural waves generated at the edge
are scattered into sound. The importance of this mechanism of sound generation was
first identified by Crighton (1972¢, 1984).

These conclusions concerning the influence of surface compliance would be ex-
pected to be applicable also to sound generated by turbulence in the vicinity of a
nozzle lip, provided the acoustic wavelength is much smaller than the nozzle diam-
eter and the frequency is sufficiently high that flexural motions are similar to those
on a flat plate. Significant differences may occur at lower frequencies (below the ring

Phil. Trans. R. Soc. Lond. A (1996)
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Leaky waves and sound production 5

frequency), however, when the coupling between extensional and radial motions of
the nozzle wall becomes important (Lawrie 1986, 1987; Smith 1987; Howe 1993c).
Extensional waves typically propagate at a supersonic phase velocity (relative to
the sound speed in the fluid) and are weakly coupled by surface curvature to radial
motions of the wall. This causes the extensional modes to be leaky, such that, in
the absence of structural damping, all of their energy is ultimately radiated into the
fluid as sound. The relatively efficient generation of extensional waves by an edge
flow at low frequencies is therefore likely to have a profound effect on the production
of sound.

This question is investigated in this paper in terms of an analytical model of tur-
bulent flow at low Mach number from a semi-infinite, circular cylindrical duct. The
particular case is considered in which the radiation may be regarded as dominated by
the axisymmetric component of the unsteady flow. This approximation is not neces-
sarily valid at higher Mach numbers (Crow & Champagne 1971; Crighton 1972a), but
the results should be relevant to very low Mach number flows (in water, say) where
the fluid loading is large, and where the response of the nozzle to unsteady forcing
can be anticipated to have a substantial impact on the generated sound. Attention
will be confined to situations in which the phase speed of the extensional waves is
supersonic. Then, at very low frequencies it is shown that the dominant component
of the scattered sound radiates within a narrow range of directions determined by
the leaky waves excited at the nozzle exit. The power radiated by these waves can
be calculated by integrating the far field acoustic directivity over a small interval
enclosing the leaky wave radiation angle, or by use of a generalization of the usual
formula for calculating the power transmitted by a subsonic surface wave, which is
derived in the appendix.

The interaction of the flow with the nozzle is formulated as a scattering problem in
which the pressure field of the turbulence is scattered at the duct exit. The solution
can be expressed in terms of the acoustic pressure Green’s function for the semi-
infinite elastic cylinder. A general formula for this Green’s function is obtained in
§2; in § 3, approximations suitable for applications to aerodynamic sources near the
nozzle exit are derived. The general properties of the sound and structural motions
produced by a simple time-harmonic edge source are discussed (§4), and extension
is made to axisymmetric turbulence sources in §5.

2. Green’s function

(a) The governing equations

Consider an open semi-infinite circular cylindrical elastic duct of radius a and shell
thickness h < a, that occupies, in the undisturbed state, the region —oco < = < 0,
r = a, of the cylindrical coordinate system (z,r, ¢) in stationary fluid of mean density
po and sound speed ¢y (figure 1). Small amplitude motion is excited at time ¢t = 7
by an axisymmetric ring source concentrated on x = Z, r = 7 in the equation for the
pressure. The resulting pressure distribution defines the acoustic pressure Green’s
function, denoted by G(x,Z,r,7,t — 7), where

( Lo v?) Gy = ——8(z — &)5(r — F)6(t — 7). (2.1)

G ot 2mr

Phil. Trans. R. Soc. Lond. A (1996)
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6 M. S. Howe

ring source

elastic nozzle

Figure 1. Configuration of the elastic nozzle and ring source.
In the absence of the duct, the solution G;, say, of this equation with outgoing wave
behaviour can be expressed as the double Fourier integral (Morse & Ingard 1968)

i
G (x, 2,7, 7t —T)

= T2
< [ R (R =)+ S (P =)
x e r@—2)—w (=1} qi dw, (2.2)

where J, and oY are Bessel and Hankel functions, respectively (Abramowitz &
Stegun 1970), v(x) = (k2 — k)2 (k = w/cy being the acoustic wavenumber), with
branch cuts defined in the complex k-plane such that v(k) = +i|y(k)| for |k| > |ko]
on the real axis, and H (z) is the Heaviside unit function (= 1,0 according as z 2 0).

G, may now be determined by considering the scattering by the duct of each
wavenumber—frequency component of G;. To fix ideas, we shall assume that 7 < a,
so that such an incident wavenumber—frequency component can be taken in the form

p=HP {y(r)rye, r >, (2:3)

where the harmonic time factor e™*? is suppressed and, without loss of generality, it
may be assumed that w > 0 (results for w < 0 being obtained by analytic continuation
in Imw > 0). If ps(z,7; Kk, w) denotes the corresponding scattered pressure, it then
follows from (2.2) that

Gp(z,z,r, 7t —7) = G (¢, T,r,7,t — T)

+1617r2/ ps(x, 75 5, w) Jo{y(k)7Fre oot} dedw, 7<a. (2.4)

The axisymmetric motion produced in the cylinder by the disturbance (2.3) con-
sists of time-harmonic axial and radial displacements, whose complex amplitudes
are denoted, respectively, by n(z,r) and ((z, r). These displacements are assumed to

satisfy the axisymmetric Donnell formulation of the thin shell equations (Cremer et
al. 1988; Graff 1975; Kraus 1967):

0% w2 o0
<@+—>77+——C—0,

c? adr 0 (2.5)
< .
o 2 ? maoc? On ,

Phil. Trans. R. Soc. Lond. A (1996)
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Leaky waves and sound production 7

In these equations

E 1/2 ER3
=psh, c=———) , B=—~ :
™= ey C (mrw%> B= i (26)

where ps, E/ and o are, respectively, the mass density, Young’s modulus and Poisson’s
ratio of the material of the shell; m is the mass per unit surface area of the shell, and
¢ (> ¢o) is the phase speed of extensional waves in a thin plate of bending stiffness
B. The net pressure force exerted on the shell in the radial direction is equal to

~[p] = —[ps], where p = p; + ps, and

[ps] = ps(@,a + 0; K, W) — ps(z, 0 — 05 K, w). (2.7)
The scattered pressure ps satisfies the time-reduced acoustic equation
10 [ Ops 0%ps )
- s = 0. 2.
r Or (rﬁr)+8x2+l€0p (28)

At the surfaces r = a0, < 0 of the duct, ( and p are also related by the linearized
radial component of the fluid momentum equation:

Op

2,

pow ¢ = 5 (2.9)
(b) The edge-scattered field

The method of solution of the scattering problem is similar to that described by
Howe (1993c) in considering the interaction of a subsonic flexural wave with the
nozzle exit, and only a summary outline of the procedure is necessary here.

The net radial displacement ¢ and pressure p can be expressed in the forms

¢ = (G + Co)e™® + 1;42- / h v(k)I(k)el* dk, (2.10)

o — 00

p — D1 _ COHgH(gl){fY(’{)T} einx
poct  poch fy(/@)Hl(l){fy(/{)a}
[ T(k)HSV {y(k)r}eite
_ dk
“f H {2 (k)a)

b _ COK%JO{’YO{)T} a eimx
A ma " TOY

i [T IR Do {y(k)rhet -
of Utk Fer<a @y

for a suitably defined dimensionless function Z(k).
In these expressions,

_ =) H {(y(K)a)
pow?

r > a, (2.11a)

(8 H {y(k)a} Dok, w)

‘ pow? D(k,w)

’ CO‘_“

, (2.12)

where

Phil. Trans. R. Soc. Lond. A (1996)
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8 M. S. Howe
2 2212
B 4 , , mCcT moc’k
DO(k,(U) — Bk mw + CL2 a2(k2 _ w2/C2),
o 2 (2.13)
1poW
D(k,w) = Do(k,w) — ————,
() = Dolkw) = B 7 el
and
F(z) = 21 (2)HY (2). (2.14)

The integrals in the representations (2.10) and (2.11) account for scattering at
the nozzle exit. In (2.10), ¢ is the complex amplitude of the radial displacement of
fluid at r = a produced by the incident wave (2.3) when the presence of the duct is
ignored (and is expressed in terms of pr, as in equation (2.9)); ¢ + (o is the radial
displacement of the shell when scattering at the nozzle exit is ignored, i.e. when the
cylinder is assumed to occupy the doubly infinite region —oo < < oco. Similarly, in
(2.11a) and (2.11b), the second terms on the right-hand sides represent the scattered
pressure produced by a doubly infinite cylinder. The formulae (2.10), (2.11) satisfy
condition (2.9) at 7 = a, and the Fourier integrals in (2.11) are solutions of the
acoustic equation (2.8) with outgoing wave behaviour in r > a.

The functions D(k,w) and Dg(k,w), defined in (2.13), are, respectively, equal to
the dispersion functions of axisymmetric flexural waves on an infinite cylinder with,
and without, fluid loading. As a function of the wavenumber k, D(k,w) has precisely
two equal and opposite real zeros +xg, say; they satisfy |xs| > ko and represent
fluid-coupled undamped flexural waves with subsonic phase speeds (w/|ks| < ¢o).
When the fluid loading is large, the most important complex zeros of D(k,w) occur,
respectively, just above and below the real k-axis at k = £k, say, where Re{x,} =
w/c. These satisfy

0 < Im{k,} < Re{ky} < ko,

and correspond to leaky extensional waves that propagate at phase speeds close to
¢ (> ¢o) and decay slowly by the radiation of sound into the fluid. Approximate
expressions for ks and k, applicable at low frequencies (wa/c < 1, wg = c¢/a) are
given in appendix D. For a lightly loaded cylinder (a steel cylinder in air, for exam-
ple), there can also be a multitude of complex zeros with small imaginary parts that
correspond to ‘hard-wall’ acoustic modes of the duct (see §3e).

The function Z(k) is determined by requiring that (2.10) and (2.11) be consistent
with the shell equations (2.5), that the pressure is finite and continuous everywhere,
and that appropriate boundary conditions are satisfied at the lip x = 0, r = a of the
nozzle. The lip is assumed to be free of mechanical constraints, so that the latter
conditions are (Kraus 1967)

9*¢ ¢ on

g
g =0 g =0 gyt ¢=0 o0 (2.15)

(¢) Non-dimensional variables
Further manipulations are simplified by introducing the dimensionless variables,

€ = poro/mK§, p=ro/Ko, 02=2¢/p, (2.16)
X =Kor, A=Koa, A=k/Ky, K,=rk,/Ky Ks=rs/Kp. '

Ko = (mwy/B)** denotes the bending wavenumber on a flat plate of thickness h in
the absence of fluid loading; € is the fluid loading parameter defined in (1.2) in terms

Phil. Trans. R. Soc. Lond. A (1996)
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Leaky waves and sound production 9

of the coincidence frequency w, = c3(m/B)Y?; it is also given by

e=12 (————E )1/2 = L e (2.17)
Ps 12pscg<1 - 02) B \/EPSCO . ’
Similarly,
w 2 weh e 0o
p= (——) , =-=vi2= 2, (2.18)
W Co c €Ps

It is also convenient to make the change of variable k = AKj in the integrals of
(2.10), (2.11), and to introduce the following dimensionless functions:

FN) = FUAVAR — i) = 2402 — 121 (AV/N? — ) K1 (AN = i?),  (2.19)

()\2 - O{2/L2)D0()\K0,LL)) )
mw?

= {X* = () HA* = 1+ 1/(and)’} - 0°2%/(and)?,

PO =

sy P (2.20)
W(A) = A2 — #Qf()\)(/\;;zaZ/ﬂ)D(/\me)
= VRSP - 2200 - (o), )

where I;, K; are modified Bessel functions (Abramowitz & Stegun 1970), a = ¢ /c,
and branch cuts of 1/A? — p? in the complex A-plane are taken such that, on the real
axis, /A% — p? is positive for || > u, and negative imaginary for |A| < . P()\) is a
cubic polynomial in A2, whose zeros £);, )z, &3 are equal to the non-dimensional
wavenumbers of flexural waves on the cylinder in the absence of fluid loading. Two
of these, A, say, are always real and occur near A\ = tau ~ +Re{K,}; they
correspond to extensional waves on the cylinder in the absence of the fluid. Of the
remaining roots, A, say, are real when w exceeds the ring frequency c/a (when they
approximate to the wavenumbers of bending waves on a plate in vacuo), whereas the
final pair £z are always complex. To fix the notation, it will be assumed that the
roots +A1, +A2, +A3 are either positive and real or have positive imaginary parts.
The function W (A) has only two real zeros at A = £K; (K; > u), corresponding to
the real zeros of the dispersion function D(k,w). It also has two complex zeros, £ K,
close to the real A-axis (near +A;), which correspond to the leaky extensional modes.

(d) Dual integral equations for Z(k)

Eliminate the axial displacement n from equations (2.5) by differentiating the first
equation with respect to z and substituting for 9n/0z and 8°n/0x3 from the second.
The resulting equation must be satisfied by the representations (2.10), (2.11) of ¢
and p, and this implies that

< W(A)
oo f(A)
where Z()\) = Z(AKj).

The pressure p is continuous throughout the fluid provided the representations
(2.11a) and (2.11b) are equal on r = a, x > 0. By making use of the identity

H(()l)(z)/Hl(l)(z)—Jo(z)/Jl(z) = 2i/ f(z) (Abramowitz & Stegun 1970), this condition
Phil. Trans. R. Soc. Lond. A (1996)
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19 M. S. Howe

reduces to
T I iax gy _ preX
o JOT T T =
The solution Z(\) of the dual integral equations (2.21), (2.22) is discussed by Howe

(1993c¢), and it is sufficient to write down the particular form that ensures that the
pressure loading —[ps] vanishes at the lip (x — —0):

X >0. (2.22)

__ EWLAFW 1 2
() = AN [)\—A—io +7§An/\ ] . (2.23)

In this expression, the coefficients 4, (n = 0,1,2) are independent of A and
remain to be determined. The functions Wi (\) are, respectively, regular and
non-zero in Im(\) 20, satisfy W(X) = Wy(W)W_(\), Wi(£X) = We(F)) and
W (A)] ~ O(|A|7/?) as |A| = oo (Howe 1993c). They are conveniently represented
in their respective domains of regularity by the formula

Wi (\) = ™4+ NP2 (K, £ \) (K, £ \) exp (i QLm /: l_llé{Z_(_i)} dg), ImAZ 0,
(2.24)
where
W ()
(K2 = 22)(K2 = 22)(1+ A2)%/2

Z(\) = (2.25)

The function Z(\) is finite and non-zero on the real axis, and Z(\) — +1 as A — Fo0.
Equation (2.10) for the radial displacement ¢ now becomes

¢ 04X P(A)W,(4) /°° FOVVAE — 2

G+G  2mion(A7 - a?p?) Wi

1 2 iAX
X [m + AO + Al)\ + Az)\ :l e d)\, X< 0, (226)

and the values of the coefficients Ay, A1, A; are determined by application of the
boundary conditions (2.15). To do this we first note that, since [ps] — 0 as X — —0,
the second of equations (2.5) permits the edge conditions to be written

ax: =" axs T b

Xt T (apA)?

32< 0 63< —0, ( o4 (1 - 0'2)> ¢=0, X — —0. (227)

Using (2.26), these conditions are found to supply the following equations for Ay,
Al, AQI

2
SN CiA; =B, i=0,1,2, (2.28)
7=0

Phil. Trans. R. Soc. Lond. A (1996)
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Leaky waves and sound production 11
where

Coo=257, Co=Cip=058;, Cp=Cu=58, Cn=S5;,

_ g2 2
C2O=Sz—(1—(1—")>sg, 021=Sg—(1—(—1——"——)>5;,

(apd)? (apd)?
o (-0 o, (2.29)
- - 1-0%)\ -
By=T,, Bi=T{,B,=T; — (1—W)TO ,

AT AL (Ay) + AFE(A))]
A2 — )3 ’
03(A* — o?p?) £ {W,L (N)}?
Wi (AN P'(A)
In (2.30), P'(\) = OP(\)/0A, and the summation is taken over the three zeros Aq,
A2, Az of P(A) that are either real and positive or have positive imaginary part.

Sy =N E), Ty =3,
(2.30)

Fy(\) =

(e) Green’s function
An expression for the total pressure p in terms of expression (2.23) for Z(\) =
Z(AK,) may now be written down by substituting into (2.11). The final result is
simplified by indenting the integration contour along the real k-axis to pass above
the pole of Z(A\) at A = k/Ky = A +1i0. In each of (2.11a), (2.11b), the residue
contribution captured in this way cancels the second term on the right-hand side,
and the two expressions for the pressure may then be combined in the form

P o GpPWi(4) =

fO) 1 :
= — 4+ ) A\
pocs Py 2mf(A)\/A2 = p2 Joso Wi(A) [ A —A+10 nz=o

y (Hél){v(k)r} H(r —a) + MH(Q _ r)) kT dk,  (2.31)

HY{~(k)a} Ji{v(k)a}

where A\ = k/Kj, and the notation 1/(A — A4 +10) is a reminder that the pole is now
below the integration contour.

The second term on the right-hand side of (2.31) is equal to ps/poce. Inserting this
expression for ps into equation (2.4), and making use of the definition (2.12) of (,
we finally obtain the following representation of the axisymmetric Green’s function:

Gp(z,Z,r, 7t —T) = G;(x,n‘c, T, 7t —T)
N /oo FOWAZ = 2 P(A) H P {y(v)a} Jo{y(k)r}
3273 J_ oo KoW_(A)W(N)
2 (1)
8 [A - /11 0" ;A"/\n] (i”ggggmr —9 j‘;ggggfﬂa - T)>
xetkz—ri—w(t=N} qp dp dw, 7 < a, (2.32)
where A = k/Kj.

Phil. Trans. R. Soc. Lond. A (1996)
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12 M. S. Howe

This formula is applicable for a ring source of radius 7 < a. For arbitrary source
position we find

Gp(z, z,r,7,t —7) =G, (x,f,r,?,t—f)
A)f )P(4) 1 §
327‘(4/ Kg AW (N |:>\ A+IO+ZA/\]
H O o Rlen)
" <H1(1’{7(/<:)a}H( R s ormmeciCitl
) )
k)a

A H k) Hir—a) 4 0E
HP {y(k)a} Ji{v(k)a}

xellke=re—w(t=1)} 4k dk dw. (2.33)

3. Approximations for compact source distributions

In analysing aerodynamic sound problems, it is frequently permissible to assume
that the length scale of the source (the turbulence correlation scale, for example) is
small (‘compact’) compared to the characteristic structural wavelength. In the repre-
sentation (2.33) of Green’s function, 1/4 = K,/ may be taken as a non-dimensional
measure of the source length scale. The corresponding scale of the smallest structural
motions is of order 1/|\;|max, where || max = the maximum modulus of the zeros of
P(X). Thus, the source is compact with respect to the structural vibrations provided
the dominant values of A arising in the noise generation problem satisfy

| 4] > | lmax (3.1)

The integrand of (2.33) can then be simplified by expanding in powers of |A;|max/ 4.
The resulting expression for Green’s function is applicable when the characteristic
dimension of a turbulent eddy is small compared to the wavelengths of the structural
waves that it generates, and the mechanics of the local flow are then essentially the
same as for a rigid walled duct.

We first examine the behaviour of the coefficients A, when A is large, and then
consider various additional approximations that are valid at low frequencies.

(a) Asymptotic expansion of A,

In equations (2.28) for Ag, Ay, As, only the coefficients By, By, By depend on A.
Reference to the definition (2.30) of T'F indicates that By, By, B, can be expanded
in a convergent power series in 1/A4 provided condition (3.1) is satisfied. It is then
easy to see that A; possesses an asymptotic expansion of the form

o0

1 ]- Qin, .
A = A+l + A4 717? |A| > i)‘jlmax, i=0,1,2. (32)
=0
For each fixed value of n, the coefficients a;,, satisfy
2
Z Cijajn = bin, 1= 0, 1, 2, (33)
§j=0

Phil. Trans. R. Soc. Lond. A (1996)
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Leaky waves and sound production 13

where the C;; are defined as in (2.29),
bon = 35, A5y (), bim = 5, A E Ly (),

bon = [A; - (1 - %i—fi—')?ﬂ AFFPF ynn (),

and the summations in (3.4) are taken over the three roots A;, Ay, A3 of P()), as
before.

The term in square brackets in the integrand (2.33) has the corresponding expan-
sion:

(3.4)

1
A—A+i0

+ agn)\2 — )\3
An ’

1 (o]
Ao+ AN+ AN = 32 + a1 A> A (35)

n=0

(b) Behaviour of a;, at low frequencies

The effect of fluid loading is especially important at low frequencies, and it will
be shown that the response of the duct to forcing by the source flow completely
dominates the radiation characteristics when w < wr = c¢/a (the ring frequency).
At such low frequencies the limiting form of the dimensionless dispersion function
W () (see equation (2.20)) suggests that the non-dimensional groupings governing
the coefficients a;, are (w/wr)/v1 — 02 and a/h. If we write

Gin = Cin (—ﬁ%) (%) ° wa/c < 1, (3.6)

it might then be expected that the values of the constants ¢;, and the exponents n,,,
n, can be obtained from the numerical solution of the equations (3.3) by logarithmic
differencing. The results of such a calculation are given in table 1 for n = 0, 1 and 2.
A detailed examination of the numerical data indicates that the starred entries in the
table are not constants, but exhibit a more complicated dependence on the physical
parameters than is accounted for by the hypothesis (3.6). However, the variations are
small (typical departures from the tabulated values being of order 1%), and table 1
may be taken to define the principal properties of scattering at low frequencies. More
accurate values of ¢y, co1, o2 and cyp for a steel duct in water at different values of
a/h are given in table 2.
It may be surmised from table 1 that

Gon+1)  OGnay 11
aon Q1,n Vw/w, VapA

For these coefficients, successive terms in expansion (3.2) decrease by a factor

~ 1/{Ay/w/wr}. This is small when (3.1) is satisfied, since, when the frequency w is
smaller than the ring frequency c/a, definition (2.20) of P()A) implies that |A;|max ~

1/v/w/w;.

(¢) Compact approximation for aerodynamic sources near the nozzle exit

(3.7)

In low Mach number flows, the turbulence aerodynamic sound sources are generally
also acoustically compact, i.e. the wavelength of the generated sound is much larger
than the typical eddy scale. This indicates that the most important contributions
to (2.33) are from values of A satisfying A > p. Furthermore, except at extremely

Phil. Trans. R. Soc. Lond. A (1996)
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14 M. S. Howe

Table 1. Parameters defining the asymptotic formula (3.6)

Cin Nw Na
agp  0537* -1 1%
aio 1 —1 0
az —iv2 -3 0
ap1  —i0.760> -1 —1°%
an —iy2 -3 0
as1 -1 -1 0
apz —0.537* -2 —1°
a2 -1 -2 0
aze  0.537* -1 —1°

2 Approximate value.

low frequencies, the turbulence scale will usually be much smaller than the radius
a of the duct (even for fully developed pipe flow, the eddy scale is typically less
than 0.2a (Hinze 1975)). This means that ka = AA > 1, and that only turbulence
eddies within a turbulence correlation scale (~ 1/4) of the nozzle lip will interact
significantly with the nozzle. This can be used to simplify (2.32) and (2.33).

Using the definitions (2.24), (2.25), and the asymptotic formulae for Bessel and
Hankel functions (Abramowitz & Stegun 1970), we can write

VA2 = 2 P(A) P {y(r)a} Jo{~(k)7}
W_(A)
= M52 Ul -mi/4)

~

s for IAI > W, |)\Imax, 1/Aa (38>

mKqa
where AY/? = —i|A|'/? for A < 0. Inserting this into the integrand of (2.32) (for
a > 7) and taking the leading-order term in the expansion (3.5), we then find
Gp(x,z,r, 7t —7) = G, (2, 2,7, 7,t — T)
ei7r/4 0 e—]n|(a——7‘“)
2(2m)%a J_ oo VKo(k —10)3/2
)
Wi (X)
HY {y(k
o (o 0O} gy gy o SV gy
HY {~(k)a} Ji{v(k)a}
xeltke=re=w(t=")} 4 dk dw. (3.9)

X

(ago + a0 + ageA? — A?)

In this approximation, it is necessary to interpret the integral with respect to
as a generalized function (Lighthill 1958; Jones 1982), yielding

o0 gIrl(a=T)—inz 4
/ W dk = 4y/me""/*/Rsin(6/2) + const., (3.10)

Phil. Trans. R. Soc. Lond. A (1996)
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Leaky waves and sound production 15

where (R, ©) are polar coordinates of the ring source relative to the lip (see figure 2),
ie.

R={(a—7)?+z*}"Y% O =arcsin (F;{a) . (3.11)

The constant in (3.10) can be discarded since aerodynamic sources are either dipoles
or quadrupoles, and expressions for the aerodynamic sound will therefore involve one
or more of the derivatives 0G,/0R, 0G, /06, and the contribution from the constant
is then null. Hence, we can take

Gplz, 2,7, 7t — 7) ~ G (2,2,7,7,t — T)
\/ﬁsm(@/Q) /
Vr(2m)%a \/_ W+(>\)
" (Hf”{w(k)a}H( T ar ¢ >>
welthe—w(t-7)} 4k dw. (3.12)

This formula has been derived for source radius 7 < a, but the same result is obtained
when 7 > a.

((lOO + (llo/\ + a20/\2 - /\3)

—a)+

(d) The acoustic far field

The pressure at large distances from the nozzle exit is determined, for each fre-
quency w, by the asymptotic value as ko|z| — oo of the integration in (3.12) with
respect to k, where |z| = v/72 + 22. This may be evaluated by the method of steepest
descents (Watson 1944). To a first approximation, this is equivalent to the method of
stationary phase: as r — oo, the Hankel function H (1 ){’y( k)r} is replaced by its large
argument approximation Hé )(2) ~ (2/m2)1/2ei(z= w4 , |2| = oo (Abramowitz & Ste-
gun 1970). The integrand then contains the rapidly ﬂuctuatlng factor el{ke+y(k)r}
which is expanded to second order in powers of k about k = k¢ cos 8, where 6 is the ra-
diation direction defined by z = |z| cos 0, r = |z|sin # (see figure 2), and k = ko cosf
is the wavenumber whose component of phase velocity w/k in the 6-direction is pre-
cisely equal to the speed of sound cg. The integral can then be evaluated analytically
after first setting k = kg cos 6 elsewhere in the integrand. This yields,

Gp(x,z,r, 7t —7) = Gy (¢, Z,r, Tt —T)
iV Rsin(6/2) sin 6 v KoJi (koasin )
475/2 || W, (pcos )
X (ago + @10/t cos 0 + agou® cos® § — u® cos 30)
xelwlt=r=lel/eo} qoy || — oo0. (3.13)

This approximation is uniformly valid in 6 provided the integrand of (3.12) has
no poles near the real k-axis in the acoustic domain |k| < |ko|. According to (2.24),
however, and the discussion of §2 (b), there is a pole at k = —k,, (A = —K,), which

approaches the acoustic interval of the real axis near k = —w/c = —ako, when w
is smaller than the ring frequency c/a. It corresponds to a structural disturbance
excited at the nozzle exit which propagates towards x = —oo with phase velocity

~ ¢ > cg. This is a leaky wave, whose amplitude decreases slowly with propagation
distance —x as its energy is radiated into the fluid as sound.

Phil. Trans. R. Soc. Lond. A (1996)
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16 M. S. Howe

elastic nozzle

far field x
Figure 2. The near field and far field coordinates (R, ©) and (|z|, §).

The leaky wave decays over an axial distance along the duct ~ O(1/ekg), where
€ is the fluid loading parameter. Therefore, the approximation (3.13) becomes
uniform when |z| lies beyond the Fresnel diffraction zone of this length, i.e. for
lz| > O{1/(e*ko)} (Born & Wolf 1975). If the pressure is required in the Fresnel
region, a more careful application of the method of steepest descents must be made,
involving a deformation of the integration contour in (3.12) into the complex k-
plane and the capture of a residue contribution from the pole when the radiation
angle 0 exceeds the leaky wave angle arccos(—cy/c) (Jones 1964; Landau & Lifshitz
1987). However, the approximation (3.13) is perfectly adequate for calculating the
net radiated sound power, and is sufficient for the present discussion.

(e) Green’s function for a rigid nozzle

At very high frequencies (w/w. > 1), the influence of fluid loading of the nozzle
is small, and the radiation field is the same as that produced by a ring source in
the vicinity of a rigid nozzle exit. In this limit, all length scales in the fluid are
small relative to the structural wavelengths. Green’s function for this case has been
analysed by Leppington (1971); the particular form corresponding to the far field
expression (3.13) for the elastic duct is obtained from (3.13) by letting p — oo.

In this limit, Ky — p — 0, and definition (2.24) can be used to deduce that

W+()‘) ~ eiﬂ-/‘l\/Z)‘?)()‘ + M)W+()‘), AR O(/J’) > ]-a

00 (1) /12 _ £2 /12 _ £2
7 Jo £2— A2
(3.14)
Hence, retaining only the final term in p? in the brace brackets of the integrand
(3.13), the far field form of the axisymmetric Green’s function for the rigid duct is
found to be

e™/4/Rsin(0/2){1 — cos 0}
475/2 || /a sin O

Gp(2, 2,7, 7\t = 7) = G (2, T, 7,7, t — T) —

e J1<l<6()(l sin 0)
—o0o Wi(pcos)
When A = Kya is large, J, (A\/pu? — £2) has many zeros on the real axis in 0 < ¢ < p,
Phil. Trans. R. Soc. Lond. A (1996)
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Leaky waves and sound production 17

and the definition (3.14) implies that many of these are shared by W, ()). They
correspond to acoustic modes of the hard walled duct.

When the nozzle is acoustically compact, kga = wa/cy < 1 for all relevant fre-
quencies. In this limit, it is easily deduced from (3.14) that W, (1 cos6) — €™/, and
(3.15) then reduces to

VaRsin(6/2){1 — cos}

Am3/2¢q x|

Gp(z, 2,7, 7, t—7) = G (¢, T, 7,7, t —T) + §{t—7—|z|/co},

(3.16)
where the prime denotes differentiation with respect to time. This formula agrees
with the result given by Leppington (1971).

4. Acoustic and structural power radiated by a time harmonic source

(a) The scattered acoustic and flexural waves

We now examine the sound and structural vibrations produced by a time harmonic
ring source (zg,7g) close to the lip of the nozzle, such that the pressure p is governed
by the equation

L& g)p—y i&( — 20)8(r — o)e ! >0 (41
2 ot = - T — 9)0(r —1p)e , w (4.1)

where the real part of the term on the right-hand side is to be taken, and £ is a
differential operator determined by the multipole order of the source.
The solution of this equation with outgoing wave behaviour is given by

p(z,t) /G z, 2,7, 7t — T)L(6(Z — 20)8(F — ro)e” )7 dF dZ dr, (4.2)

where the integrations are over the whole of the fluid and all times 7, and the notation
L implies that the operator £ acts on the variables 7, Z. Integrating by parts, we
find

—iwt o]
p(z,t) = 270—— Lo{roGp(z, 20, 7,70, T)}e“" dr, (4.3)

— 00
where £ is the adjoint of £ and acts on the source variables rg, zg.
In the acoustic far field, the component of the pressure due to the interaction of
the source with the nozzle is obtained by replacing G, by the second term on the
right-hand side of (3.13). The result can be written

(o) ~ —ipol®/? /Ky sin 8.J; (koa sin )
P ] W, (jicos )
(00 + @10t 030 + aop? cos? 6 — p cos® B)e™ /) (o] oo,
(4.4)

where it is convenient to introduce characteristic source pressure and length scales
po and 4, respectively, which are defined to satisfy

pot?/? = 27r3/2 Lo{rov/ Rosin(6o/2)}, Ro <1, (4.5)

where Ry, O are the polar coordinates of the source relative to the nozzle lip (cf.
figure 2).

Phil. Trans. R. Soc. Lond. A (1996)
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18 M. S. Howe

To calculate the flexural response of the duct it is necessary to use the more general
formula (3.12) for Gy, in terms of which, and for 7 > a, the scattered pressure is
given by

I /°° SO {y(k)r}
21a oo VEGW, (W H{Y {y(k)a}
X (apo 4 a1 + agoA? — A3)elFe=D dk, 7 > a. (4.6)

The radial displacement of the duct wall caused by scattering is now obtained by
substituting this expression for p into equation (2.9):
pot®? (k) f(A)

)= — AR AN + apo) A2 — AH)elke—wt) k. (4.7
¢(z,t) Smapot e ). WiV (ago + a0 + ago Je (4.7)

(b) Radiated sound power

The sound power I, say, is calculated by integrating the acoustic intensity
(p?)/poco over the surface of a large sphere of radius |x|. The angle brackets de-
note a time average, which is evaluated from (4.4) after taking the real part. The
result can be written

poColla 2/7T (p?)sin® /7T :
=2 ~——df =21 é(w,0)sin b db, 4.8a
|pol?£? el o |pol?? 0 6) (48a)

Lp? Ky sin® 0{J, (koa sin 0) }2
2|W,.(pcos 0)[?

In these equations ®(w,6) is the directivity of the sound, which is equal to the
sound power radiated per unit solid angle in direction 6. Although the method of
stationary phase has been used to derive expression (4.4) for p used in (4.8), this
is not really necessary, since (4.8) can also be obtained directly from the general
representation (4.6) of the pressure in r > a by considering the energy flux through
the cylinder 7 = a and isolating that part associated with the sound (as opposed to
the fluid-coupled flexural vibrations).

The directivity @(w,0) is plotted in figure 3a for different values of w/w. (not to
the same scales) for a steel duct in water (e &~ 0.135; o = 0.275) and the typical
value a/h = 100. In obtaining these figures the values of the coefficients ago, a1o,
ago in (4.8) are determined from the numerical solution of equations (3.3). When
w/w. = 0.1 (koa =~ 9.5), the acoustic wavelength is about three times the duct
diameter, and the directivity exhibits a characteristic multilobed structure. At the
ring frequency w/w. = (h/a)/{a?v/12} ~ 0.038, the field shape has two broad lobes
and a very sharp spike in the leaky wave direction § = 6}, ~ arccos(—a) =~ 106°. The
spike is caused by the approach of the zero A = —K,, of W () to the real axis at
pcosf = —Re K, = —ap. At w/w, = 0.02, the directivity has a single lobe peaking
at 0 = 90° together with a leaky wave spike. The striking appearance of this spike
arises because the last factor on the right of (4.8b) (involving the a;p) is small in the
neighbourhood of the leaky wave angle, and this nullifies the influence of the leaky
wave pole except in the immediate vicinity of #,. This is also evident in the final
example of figure 3a (w/w. = 0.001), although the leaky wave contribution is now
very much larger. A further reduction in frequency does not change the character of
the field shape, but the power in the lobe ultimately becomes insignificant compared

P = |ago + 1o/t cos 8 + agou® cos? § — pi® cos® |°. (4.8b)
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Leaky waves and sound production 19

:S (a) (®)

0/, =0.1, x.a=9.5

o/w,=0.001, x,a=0.095

Figure 3. Directivity of the scattered sound: (a) steel nozzle in water with a/h = 100; (b) rigid
nozzle.

to the leaky wave power. In this limit, @ is independent of frequency (see §4d), and
all of the acoustic radiation is launched by the leaky mode. For comparison, figure 3b
depicts the corresponding fields shapes for a rigid nozzle, calculated by use of the
Green’s function (3.15).

That the final factor on the right-hand side of (4.8 b) is small near § = 1, can be
deduced by consideration of the third (i = 2) of equations (3.3) for the coefficients
ao. It follows from (2.29), (2.30) and (3.4) that each of the coefficients Cqg, Ca1, Caa,
by in that equation consists of a summation involving the zeros A; of P(\), each
term of which contains the factor

- (- )]

This is small (~ +ia?(h/a)/+1/12(1 — 0?)) when apA = wa/c — 0 for two of the
7eros, Az, Az, say, but large (~ (1 — 02)/(apA)?) for the third root A\; ~ au. Since
also F\ (ap) = —F_(au), it can be seen that, in the leading approximation, the third
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20 M. S. Howe
of equations (3.3) reduces to
a0 — apaig + (ap)az + (ap)® ~ 0,

which proves our contention, since cos 6y, ~ —a.

(¢) The leaky wave power
To clarify the role of the leaky wave, it is useful to calculate explicitly the sound
power II1, radiated by this wave. This can be done by confining the integration angle
in (4.8) to a small interval enclosing the leaky wave direction 6y, or by making use
of the following generalization (proved in the appendix) of the formula for the power
transmitted by an evanescent surface wave (Howe 1992):

oD
ok

IL, = %Waw|cn|2 (k,w) , (4.9)

k=—rn

where ¢, is the complex amplitude at x = 0 of the leaky wave, and D is the dispersion
function defined as in (2.13). In the acoustic domain, D is complex and the modulus
of its derivative is to be taken.

The value of ¢, is given by the residue contribution to the integral (4.7) from the
pole at A = —K,, where W, (\) = W(X)/W_(X) = 0; the pole is just below the
real A-axis in the vicinity of the acoustic interval —u < Re A < p. When z < 0, the
pole is captured by displacing the integration contour into the lower half-plane, and
supplies

_ po(Bol)*? f(Ky) /K — 12

2 3
O Tapr Wiy (T mefotand ) (410
where W/ = 0W, /OX. The leaky wave power II;, is then given by
+
pOCOHL 7r€|f(K17) vV Kr2) - /"’2|2 2 32 6D
= — a1k K4+ Ko7 | — (A , (4.11
T T e o e A PO W N

where D(A\) = D(AKp,w)/mw? (see (2.20)).

Figure 4 illustrates the frequency dependence of the fraction II},/IIs of the total
sound power radiated via the leaky wave for a steel nozzle in water for three different
values of a/h. Il is calculated by numerical evaluation of the integral in (4.8 a). To do
this we recall from figure 3a that the radiation directivity is relatively smooth except
for the sharp spike in the leaky wave direction. An excellent numerical estimate of the
non-spike contribution to the integral may therefore be obtained by using a Gaussian
integration procedure on either side of the spike whose characteristic step length is
larger than the spike width; the contribution from the spike is calculated from (4.11)
or by integrating across the spike in the manner described in the appendix. The
figure confirms the dominance of the leaky wave at very low frequencies w < wg
(where wg /w. = 0.38, 0.038, 0.0038, respectively, for a/h = 10, 100, 1000). The large
narrow peak of II,/IIx occurs close to the ring frequency, where the group velocity
of the leaky wave is small.

(d) The acoustically compact nozzle

Further insight into the mechanism of sound generation by source interaction
with the lip can be obtained by considering the acoustically compact limit in which
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Leaky waves and sound production 21
wa/cy < 1. In this case, we deduce from definition (2.24) that
V=
apV/A

Similarly, it follows from (3.6) and table 1 that only the terms in agg and a;o need
be retained in the brace brackets of (4.4). Noting also that J;(keasin) ~ Lreasiné
and that ¢;g = 1, we then find

W, (\) ~ (A + K)(A+ K,), for A = 0(u). (4.12)

p(a, 1) ~ —ipol®/?(roa) sin? f[cos § — cos 0]
’ 2/alz|  (cosf + ke/ko)(cos O + K,/ ko)

g iw(t=l=l/co) |z| — oo

B (4.13)
where cos = —acgo{12/(1 — 0?)}'/4 (~ —1.0258q for a/h = 100 and ¢ = 0.31).
The term in square brackets in the numerator vanishes at § = 6, which is close to
the leaky wave angle 6;, = arccos(—Rek,/kg) ~ arccos(—a). Thus, if we write,

—ipol®/?(koa)sin® 0 [ cosB + ky/ko siv(t—lal/co)
2y/a|x|(cos b + Kks/Ko) cos 0 + Ky /Ko ’

and recall (see (D1)) that ks/ko > 1, it follows that the first term in the square
brackets defines the non-singular lobe structure of the radiation field shape, and the
second term is small, except at 8 = 01, where it defines the leaky wave spike.

If the leaky wave contribution to (4.14) is discarded, the power II,,, say, radiated
in the non-singular pressure field can be computed from (4.8 a) to be

pocollno  ml(Koa)? /’T sin® d6
Ipo|262 4a o (cos@+ ks/kKo)?

e, t) ~ (4.14)

2(1s/10)” — (s /o) { (ke /o)> — 1} In [f—/—“i*—l] 4) .

Ks/Kko — 1 3

3
(4.15)

At low frequencies, the ratio ks/kg is independent of frequency (see (D1); Smith
1987; Scott 1988; Howe 1993c) so that the term in the brace brackets of (4.15) does
not involve the frequency, and pocollao/|po|*¢? therefore behaves like (wa/cy)? at low
frequencies.

The corresponding contribution II;, from the leaky wave can be calculated by
considering the limiting value of the general expression (4.11), or by substituting
(4.13) into (4.8a) and integrating over a small interval enclosing the leaky wave
direction. In the latter case, it is easily seen that at low frequencies the integrand is
small, except near § = 6, and we can write

pocolly, _ ml(koa)? sin? 6y, (cos 61, — cos 6)? /’r sin 6 d6
lpol22 da(cos by, + Ks/Ko)? o (cos® —cosfr)? + {Im(k,/Ko)}?
(4.16)
When Im{k,/ko} < 1, the integral is approximately equal to 7/Im{x,/ko}. The
value of Im{k,/Ko} can be calculated from the formula (see appendix B)
Hi{ D(k)}H
|0D(k)/0k|’

where D(k) is the dispersion function of (2.13) and, when wa/c < 1, Re{x,} =

k = Re{k,}, (4.17)

Im{k,} ~
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22 M. S. Howe

— Ko cos By, is well approximated as in (D 1). We accordingly find

pocoll, _ ma? R\ (¢ sin® @y, (cos 6, — cos 6)?
pol22 ~ e/12 \a) \a/ (cosby + ke/ko)2(cos? by, — a?)?’

Equations (D 1) for k/ko and cos 0y, = — Re(k, /o) show that the right-hand side of
this formula does not depend on frequency, and this confirms our earlier numerical
prediction that the leaky wave is dominant at very low frequencies. In using (4.18)
to make quantitative estimates, it is important to have an accurate approximation
for cos = —acoo{12/(1 —02)}'/4; the numerical values of ¢y given in table 2 should
be used for this purpose.

The low-frequency solution (4.14) may be compared with the corresponding result
for a rigid nozzle. In the compact limit, the scattered rigid nozzle pressure p(z,t)
is evaluated by replacing G, in (4.3) by the second term on the right-hand side of
(3.16). This yields

wafc < 1. (4.18)

_ —ipol**(koa)(1 — cosb)
S N

This has the same order of magnitude as the non-singular component in the elastic
nozzle formula (4.14). According to (D1), ks/ko =~ 1 for moderate values of a/h
(not exceeding about 10 for a steel duct in water), in which case the non-singular
component becomes ezxactly equal to the rigid nozzle result. This is because, when
Ks/Ko — 1, the elastic cylinder is structurally stiff: the radial wavelength in the fluid
of structural resonances becomes infinite and the fluid presents an infinite impedance
to source-induced surface motions.

For larger values of ks/kg, the non-singular part of the elastic nozzle pressure is
smaller than for the rigid duct. For example, it is about 8.4 dB smaller for a steel
nozzle in water with a/h = 100. However, when the frequency is small enough for
these estimates to be valid, the reduction in the non-singular component is more
than offset by the power radiated by the leaky wave (figure 4).

e—iw(t—|m|/co), || — oo. (4.19)

(e) The structural wave power

The structural motion at large distances from the nozzle exit is dominated by a
subsonic wave with radial displacement ¢ = (e~ (*%s*+9!) where the complex ampli-
tude ¢ is determined for £ — —oo by the residue contribution to the integral (4.7)
from the pole just below the real axis at A = — K, (where W, (\) = 0). The power
Il carried by this wave (including that in the evanescent field in the fluid adjacent
to the cylinder) is given formally by the formula (4.11) already used for the leaky
wave, in which K, is replaced by K on the right-hand side. In the subsonic region
(w/|ks| < co), the dispersion function D()) is real. The limiting form of I, is easily
derived at low frequencies (wa/c < 1) by making use of (4.12) and the representation
(3.6), which leads to

pocolly ~ m (é) Q) E> /e_f 1 2 Ks/ Ko + cos @ 2
2> " /T2ac \a a Ko K3 Ks/Ko + cos 0y,
o? 2v/12ae(a/h)
(K2/K —a?)?  (k2/K§—1)2 |
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Figure 4. The fraction IIr,/IIa of the total sound power radiated by the leaky wave for a steel
nozzle in water.

The right-hand side of this result does not depend on frequency, as for the power
radiated by the leaky wave. The first term in the square brackets is usually small;
also ks/ko > 1 (see (D 1)) and cos# ~ cosfy,. Hence, to a good approximation,

/ Ks
20 ~ 21 (5) (/1_0> , wa/c<k 1. (4.21)

Figure 5 illustrates the frequency dependence of the ratio II;/II5 of the structural
to the acoustic powers for a steel duct in water for several different duct radii (II;
is calculated for arbitrary values of w/w. from (4.11) by replacing K, by Kj). The
structural power is about 10 dB or more higher than the acoustic power when w <
0.1w.. As the frequency decreases further, the acoustic radiation is contained solely
in the leaky mode and II;/II5 ~ II;/II;, becomes independent of frequency. In this
limit the structural power is typically 35 dB larger.

5. Noise generated by low Mach number turbulent flow from the
nozzle

Consider next the production of sound by turbulence in a low Mach number nozzle
flow from the elastic nozzle. Let the mean flow be at velocity U, where the Mach
number M = U/cy < 1.

(a) Formal representation of the acoustic field

The interaction radiation will be calculated by the method used in the analysis of
trailing edge noise (Chase 1972, 1975; Chandiramani 1974; Howe 1993b), according
to which the edge generated sound is produced by the scattering of the hypothetical
pressure py, say, that would be produced by the same turbulent flow if the nozzle were
absent. The convection of sound waves by the low Mach number flow is neglected so
that, except in the source region, the net perturbation pressure p(z,t) satisfies the
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Figure 5. The ratio II;/IIa of the structural and acoustic powers for a steel nozzle in water.

homogeneous wave equation
16
ct o2
In solving this equation, no account is taken of the influence of mean shear and
turbulence, except to the extent that the latter is responsible for the pressure pj; in
particular, the scattered pressure p’ is assumed to satisfy equation (5.1) everywhere.
The theory of this paper can be applied to estimate only the sound generated by
the azisymmetric component of the turbulence pressure field py; it may therefore be
assumed at the outset that p; is a function of z, r and t. The scattered pressure p’ will
be expressed in terms of p; and the axisymmetric Green’s function G (x, z,r,7,t —T)
of §2. By the usual procedure, involving the application of the divergence theorem
(Morse & Ingard 1968), we can write

'(x,t) / [ er(LL‘LL‘TTt—T)

—Gyp(z,z, 7,7t — T)%p’(:?:m) dSdr, (5.2)
where the surface integral is over the elastic surface S of the nozzle, the + sign being
taken, respectively, on the outer and inner surfaces of the duct.

In view of the definition of Gp, the integral on the right-hand side of equation (5.2)
must vanish identically when p/(z, 7) is replaced by p(z,7) = pi(z,7)+p'(z, 7). Since
pi(xz,a+ 0,t) = pi(z,a — 0,t), it therefore follows that (5.2) is equivalent to

- vﬂ p=0. (5.1)

'(z,t) —27ra/ dT/ oz, Z,ra+0,t—7) — Gp(z,Z,7,0 — 0,y3;t — 7))

X <-é;pi(zi,1*,7)> dz. (5.3)
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Leaky waves and sound production 25

The derivative Op;/OF in the integrand can be expressed in terms of p;(Z, a, 7) by
noting that pr(z,t) is a solution with outgoing wave behaviour of the homogeneous
equation (5.1) in the region r > a exterior to the nozzle flow. It is usual, however,
to express Opr/O7 in terms of the blocked surface pressure py, which is the pressure
that would be exerted on the interior surface of a homogeneous rigid duct by the
same turbulent flow. When the turbulence length scale is small compared to the duct
radius p, =~ 2p1(Z,a,7), and it is easy to show that

0 T O
_8% ~ %/ Y(K)py (K, w e dk du’, (5.4)
where
1 *° i
(kW) = (2_7r)—2—/ po(, t)e™ 52wt qg dt. (5.5)

To calculate the sound radiated to large distances from the nozzle, we now sub-
stitute the far field form (3.13) of Green’s function, and the representation (5.4) of
Op1/OF into the integrand of (5.3). The integration with respect to Z is then easily
performed, and the acoustic pressure at large distances from the nozzle found to be
given by

p/(az t) N iasine/oo M\/Kopb(,k;,w)Jl(kaoaSine)

2z J_o VEW (1 cos 6)
x (@oo + @10 cos 8 + agou® cos® § — u® cos® 6)
e~ w{t=l=l/co} duy dr,  |a| — oco. (5.6)

(b) The acoustic pressure frequency spectrum

The acoustic pressure spectrum ¥(|z|,0,w) at large distance |z| in direction 6
from the nozzle axis satisfies

<wmm=Awwmaww, (5.7)

where the angle brackets () denote an ensemble average. To express ¥ in terms of the
blocked pressure py,, we introduce the assumption (Chase 1972, 1974; Chandiramani
1974; Blake & Gershfeld 1989) that turbulence velocity fluctuations in the nozzle
flow may be regarded as frozen during convection past the nozzle lip. Since we
are considering only small scale turbulence (relative to the nozzle radius a), it is
permissible to treat the blocked pressure as a stationary random function of z, the
azimuthal angle ¢ and time ¢. For the axisymmetric pressure fluctuations, we can
then write

(pp (K, w)pp (K, w')) ~ 26@; -~ (k- K )Po(k,0,w), kKa>1, (5.8)

where the asterisk denotes the complex conjugate, and P, (k, k) ,w) may be approx-
imated by the blocked pressure wavenumber—frequency spectrum on a plane wall, in
which the wavenumber components k, k are, respectively, parallel and transverse
to the mean flow direction.

Experiments at low Mach numbers reveal that P,(k,x,,w) assumes its largest
values in the convective domain of the wavenumber plane, centred on k =~ w/U,
|k1| < U./|w|, where the convection velocity U, ~ 0.7U (Chase 1980, 1987, 1991).
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Corcos (1964) has proposed the following simple representation of Py (k, k1 ,w) in the
convective region:

@) ‘ o
{1+ 2k —w/Ue)? {1+ £ K7 (5.9)
L= 9U . Jw, £ ~14U /|w,

Py(k,k,w) =9

where £ and ¢, are, respectively, streamwise and spanwise turbulence correlation
lengths, and (DPP (w) is the two-sided wall pressure frequency spectrum, conventionally
defined by (p?) f_ 9, (w) dw. This formula is applicable at low Mach numbers
and wé/U > 1 in the immediate vicinity of the convective region, where 6 is the
thickness of the turbulent shear layer at the nozzle exit. Although there exist several
more recent and general empirical approximations for Py(k, k) ,w), their use hardly
alters the predicted levels of the nozzle exit noise (cf. Howe 1993b).

Forming the expression for (p'?(x,t)) from representation (5.6), and using (5.8)
‘and the definition (5.7), one finds

Koap?|Jy(koasin 6)|?

U(|z|,0,w) ~ 22| W, (1 cos 62 sin® 8|ago + @104 cos 8 + agou® cos® 6 — u® cos® 6|
® P (k,0,w)d
x/ ——b—(—%irj—)——’i, w>0, |z|— o0 (5.10)

The field shape predicted by this formula is precisely the same as that discussed in
§4 for the ring source, given in (4.8b).

Because Py (k,0,w) is sharply peaked in the convective domain, we set k = w/U,
in the denominator of the integrand of (5.10), and use the Corcos formula to obtain,

Koap?|J1(koasin 0))?
2]a|?| W (pcos 6) 2
X (Uel L /w) Ppp(w), [z — oo. (5.11)

A similar analysis, using the axisymmetric Green’s function (3.15) for a rigid

nozzle, yields the corresponding acoustic pressure frequency spectrum:

|J1(koasin6)[? (Ucﬁl
27|z |2|W, (1 cos 0)|2 sin® 6
where W ()\) is defined in (3.14).

An expression for the total sound power spectrum I7(w) is derived from the formula
II(w) = 2rlx|? [ ¥(|z|,0,w)sinfdf. A convenient non-dimensional form is
Ucoll(w) 27Uz [T ,
= 4 .
R /0 (2,6, ) sin 6.6, (5.13)
where v, is the friction velocity of the turbulent flow from the nozzle, and 6, is
a length scale of the turbulence sources. It will be assumed that these sources are
similar to those in a low Mach number turbulent boundary layer of thickness §, and
that 6, =~ %5 is the boundary layer displacement thickness. We can then use the
empirical approximation (due to Chase (1980))

(U/8)Fpp(w) _ (b, /U)?
(pov?)? [(wb, /U)? + a2]3/2’

Phil. Trans. R. Soc. Lond. A (1996)

V(|z|,0,w) = sin? Blaoo + a1o cos 8 + azopu? cos? 6 — p® cos® 6

(||, 0,w) =

" ) Dop(w), |z| — o0, (5.12)

ap =012, wb,/U > 0.1, (5.14)
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in terms of which the elastic and rigid nozzle acoustic pressure spectra II(w) and
Ilh(w) are given, respectively, by

Uepll(w) 14U JU)? ™ Koau? sin® 8|.J; (koa sin )|
b0 [ JUP + 0B Jy Wi (ucosO)F
x|ago + aiop cos 8 + agop? cos? @ — u® cos® 6| d, (5.15)
Ucoll(w) 1.4(U./U)? / (1 — cos 6)?|J;(koasin B)|? (5.16)
povisd  [(wb, /U)2 + a2]3/? sin@|Wy (ucos)|2 '

Recall that, in order to apply these formulae to examine the influence of nozzle
elasticity on the acoustic power, it is necessary for the length scale of the turbulence
motions to be small relative to both the structural wavelengths and the nozzle ra-
dius. The characteristic wavenumber of the turbulence sources ~ w/U,, and the first
condition is therefore equivalent to (3.1) with A = (w/U.)/K,. The second requires
wa /U, > 1. Expressing both conditions in terms of the non-dimensional frequency
w/we, they are seen to require, respectively, that

w M.\/h/a w M.h/a _
L?C- > W, ch' ‘8-12—1/2—, M. = Uc/Co. (517)

For steel in water, these conditions are satisfied provided w/w. > 2M.+/h/a.

In figure 6, the predicted total sound power spectra II(w) (solid curves) and II)(w)
(dotted) for steel and rigid nozzles in water for 6,/a = 0.1,0.01,0.005 are plotted,
and

M =U/cy=0.01, a/h=100.
As w/w. — 0, all three elastic predictions become equal; this is because the integrand
of (5.15), which essentially measures the efficiency of the nozzle-based sources, does
not depend on frequency at low frequencies, when most of the sound is radiated via
leaky extensional waves. The steep troughs in /1 (w) for 6,/a = 0.01 and 0.005 occur
at the ring frequency wg/w. = 0.038, i.e. since
V12
wb, U = a W

)(a/h)(b+/a), (5.18)

at wé, /U ~ 3.6 and 1.3, respectively. The same trough occurs at wé, /U ~ 36 when
8,/a = 0.1. At frequencies exceeding the ring frequency the elastic nozzle power is
below the corresponding rigid nozzle prediction, but they ultimately become equal
when w/w. — 1 (as in the case of the elastic trailing edge noise for a flat elastic surface
(Howe 1993b)). The elastic nozzle results for 6, /a = 0.1 must be treated with caution,
since condition (5.17) is violated in this case when wé,/U < 1 (w/w. < 0.001). The
predictions for 6, /a = 0.01, 0.005 should be valid down to wé, /U = 0.1, however, and
indicate that surface compliance produces only a marginal decrease in the acoustic
sound power. Thus, although structural compliance would normally be expected
to reduce the intensity of the directly scattered sound, the effect is offset at lower
frequencies by the excitation of leaky waves, to the extent that the elastic nozzle
sound power is typically only 2 or 3 dB smaller than that produced by the same
flow from a rigid nozzle. On the other hand, the dominance of leaky waves at low
frequencies implies that the radiation directivity will tend to be sharply peaked (at
about 106° to the mean flow direction) for the elastic nozzle (cf. figure 3).
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Figure 6. Sound power spectra of the axisymmetric component of the noise generated by turbu-
lent shear flow from circular cylindrical nozzle for 6, /a = 0.1, 0.01 and 0.005: —, steel nozzle in
water; o o o rigid nozzle.

It should also be remembered that, according to figure 5, the power scattered
into subsonic structural modes is typically 20 dB or more larger than that directly
radiated from the nozzle exit. Any practical estimate of the net power radiated into
the fluid should therefore take account of additional sound produced by the secondary
scattering of this structural energy.

6. Conclusions

In low Mach number flows, the intensity of sound generated by turbulence near
solid structures is generally determined by the unsteady flow-induced surface forces.
The largest surface forces usually occur when the body is rigid, when they cannot
be relieved by compensatory motion of the surface. The introduction of structural
compliance would therefore be expected to lead to a reduction in the intensity of the
radiated sound. This conclusion is supported by theoretical analyses of turbulence
interacting with acoustically compact bodies, and for trailing edge noise, where the
edge is modelled by a thin elastic half-plane (Crighton & Leppington 1970; Howe
1993b, d). However, most structures exhibit a spectrum of resonant responses that
permit the body to absorb substantial amounts of flow energy that is subsequently
converted into sound when the resonant mode interacts with structural irregularities.
Thus, in the trailing edge noise problem, the direct radiation from the edge is greatly
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Leaky waves and sound production 29

reduced compared to that from a rigid edge in the same turbulent flow; but the
structural power generated at the edge is typically 20 dB or more higher than the
directly radiated edge noise, and the subsequent scattering of structural modes may
actually cause the overall noise levels to be increased relative to the rigid edge.

The investigation described in this paper, of the sound generated by sources in the
vicinity of an elastic nozzle, is an example of a structure in which both of the above
mechanisms are important. First, the reaction of the elastic surface to forcing by the
turbulence generally results in a corresponding reduction, relative to a rigid nozzle,
in the acoustic intensity in most directions of propagation. The fluid-structure in-
teraction also generates both extensional and flexural waves in the duct wall, that
propagate upstream from the nozzle exit. The extensional waves are leaky, they have
supersonic phase velocity and are weakly coupled through the effect of surface cur-
vature to radial wall motions. This causes structural energy to be radiated into the
fluid, producing an intense beam of sound in a direction determined by the ratio of
the acoustic and extensional wave phase speeds (for a steel nozzle in water the direc-
tion makes an angle of about 106° with the nozzle axis). As the frequency decreases
below the ring frequency of the duct the acoustic radiation tends to be dominated
by the leaky waves, and, ultimately, at very low frequencies all of the sound is radi-
ated by this means. The flexural waves generated at the nozzle have subsonic phase
velocities and are analogous to the bending waves produced by turbulence near the
edge of a thin elastic plate. Their power is typically 30-40 dB greater than the leaky
wave power, and they are a potentially important additional source of sound when
scattering occurs.

The application of the theory to study the noise generated by low Mach number
turbulent flow from a steel nozzle in water indicates that the overall effect of surface
compliance is to reduce the direct radiation from the nozzle (relative to that produced
by the same flow from a rigid nozzle) by about 3 dB. At low frequencies (below
the ring frequency of the duct), the excitation of leaky extensional modes ensures
that the elastic noise levels do not fall significantly below those for the rigid nozzle.
Indeed, whereas the conventional aerodynamic source efficiency varies like M? at low
turbulence Mach numbers M (Curle 1955), the efficiency of sound generation by the
leaky waves varies linearly with M, and this counteracts the low frequency fall off in
acoustic intensity that would otherwise be caused by surface compliance.

This work was sponsored by the Applied Hydrodynamics Research Program of the Office of Navel

Research under grant N00014-93-1-0111, administered by Mr James A. Fein. It is a pleasure to
acknowledge the benefit of discussions with Dr M. M. Sevik during the preparation of the paper.

Appendix A. Formulation of the leaky wave problem

We consider the sound radiated into the region x5 > 0 of the rectangular coordinate
system (z1, x2,23) by a leaky wave established on a linear conservative elastic surface
zo = 0. Denote by ¢ the surface displacement in the positive xo-direction, and let the
leaky wave be generated in the vicinity of z; = 0, propagate parallel to the positive
x1-axis and be given by ‘
¢ = (o= w >0, (A1)
where only the real part of the right-hand side is to be taken. The complex surface
wavenumber

K = KR + iK1, Kgr, k1 > 0, (A 2)
where k1 < KR-
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Let the equation describing time harmonic waves on the elastic surface propagating
parallel to the x;-axis be taken in the form

H(-10/0z1,w)( = —p, (A3)

where p is the fluid pressure on o = 40 and H is a linear operator. The pressure
satisfies the acoustic equation in z; > 0, and p and ¢ are also related by pow?¢ =
Op/0x, on x5 = 0. The general solution of these equations representing outgoing
waves can be cast in the form

* F(k,w) i : 2/00 F(k,w)
- etk gk, p= — 0 _eitkmty(kaa} gf > 0,
¢ /_ Dl W = [ W) T2
(Ad)

where the time factor e™*“! is temporarily suppressed, F(k,w) is a smoothly vary-
ing function characterizing the source of the motion and D(k,w) is the dispersion
function
D(k,w) = H(k,w) — ipow?/y(k). (A5)

For a conservative elastic system, H(k,w) is real for real values of k. The leaky
wavenumber x satisfies D(k,w) = 0 and lies close to the acoustic interval of the real
k-axis, i.e. 0 < kg < Ko, 0 < K1 < Kg.

We shall show that the acoustic power radiated by the leaky wave (per unit length
in the z3-direction) is given by

oD

I, = S lol? | 5 (k) (A6)

k=KRr

This is a generalization of the formula for the power transmitted by an evanescent
wave, whose amplitude decreases exponentially with distance xzy from the surface.
In that case, however, kg > ko, k1 = 0 (in the absence of structural damping) and
OD(k,w)/0k is real at k = k. There is no requirement that conditions on z, = 0
are homogeneous. The formula is applicable, for example, to a diffraction problem
involving surface irregularities, etc., provided the solution can be cast in the form
(A 4). The axisymmetric formula (4.9) may be obtained by multiplying (A 6) by the
circumference 27a of the cylinder or by an obvious modification of the argument
outlined below.

Appendix B. Proof of (4.17)

We first derive approximation (4.17), which expresses 1 in terms of kg.

Expand D(k,w) = D(kgr + ikj,w) = 0 to first order in x; to obtain k; ~
iD(kR,w)/D’(kr,w), where D" = 0D /0k. Since k1 > 0, it follows that, if D(kgr,w) =
|D(kr,w)|e'?, then D'(kgr,w) = |D'(kgr,w)|e!**7/?) and therefore that

k1~ | D(rg,w)|/|D' (kr, w)|- (B1)

Let D(k,w) = Dg(k,w) +iD;(k,w), where Dg and Dy are the respective real and
imaginary parts of D. Then

Dg(kr,w) =~ ki1 Dj(kr,w), Di(kr,w)~ —k1Dg(kr,w),
where the primes again denote differentiation with respect to k. Equation (4.17)
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now follows from (B 1) by observing that Dg(kg,w) is a second-order quantity, be-
cause Dj(kr,w) must vanish identically in the absence of fluid loading. For the two-
dimensional problem of appendix A, we have

|DI<"‘3R7 ) Powz/’Y(’iR)
T D'(kr, W) [D'(kR,w)|

(B2)

Appendix C. Proof of (A 6)

The power II radiated into 332 > 0 per unit distance in z3 can be calculated
from the formula II = f (pv) dz1, where v = Re{—iw(} is the normal velocity
on xo = 0, and the angle brackets denote an average over a wave period. Using the
Fourier integral representations (A 4), with the time factor e=** restored, we find

_ s [ |F(k,w)]?
1= mpow /_m YDk (1)

When the leaky wave pole at k = k approaches the real axis, the integrand has a very
large peak at k = kg, in the neighbourhood of which |D(k,w)|? ~ |D’(k,w)|?{(k —
kr)? + /ﬁ%} When k1 < kg, the contribution I, to the integral from the immediate
vicinity of the leaky wave pole is therefore given by

| 2

_ mpow?|F(kg,w / _ w2 pow® | F(kR,w) (©2)
{(k — kr)? + K%}

" (kR)| D (K, w)]?  kry(sR)| D! (K, w) |2
The surface displacement due to the leaky wave is determined by the residue

contribution to the first integral of (A4) from the pole at k = &, just above the real
axis, from which the complex amplitude at z = 0 is found to be

. F(k,w)

CO = 27”D_l(/:‘,-,-w—). (03)

Equation (A6) is now obtained by approximating the smoothly varying source
function F(k,w) in (C3) by F(kgr,w), and substituting into (C2) for k1 from (B2)
and for F'(kr,w)/D’(k,w) from (C3).

Appendix D. Asymptotic approximations for the leaky and
structural wavenumbers

At low frequencies
L VBt (@ -l )
Reln/ o}~ i T — 20 — At (1 = b} (L= P2

Im{k,/ko} = w_\/_e (E) w(koa)?(cos? B, — a?)?,  cosfy, = — Re{k,/ko},
Ks & K’O\/Ba

2
p=1+ i (14229, wafesc
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Table 2. The variable coefficients cin for steel in water

log,o(a/h)  coo, —coz, c22 co1
1.0 0.548 076 —0.775 0961
1.2 0.546 690 —0.773137i
1.4 0.544 860 —0.770 5491
1.6 0.542 607 —0.767 3621
1.8 0.540052 —0.763 7491
2.0 0.537395 —0.759 9921
2.2 0.534 855 —0.756 3991
2.4 0.532595 —0.753 202i
2.6 0.530 694 —0.750 515
2.8 0.529161 —0.748 3471
3.0 0.527 957 —0.746 643i

Appendix E. Supplement to table 1 for steel in water

Six-figure approximations for the coefficients c;, of table 1 are given in table 2 for
a range of values of a/h for a steel nozzle in water.
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